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"What t h e n , "  a sked  S t .  August ine ,  "is time? If no one  asks  me, I know 

what it is. If I wish t o  e x p l a i n  i t  t o  him who asks me, I d o  not know.ll 

We have l e a r n e d  a few t h i n g s  s i n c e  S t .  Augus t ine ,  E i n s t e i n  h a s  t a u g h t  u s  a 

l o t .  But s t i l l  t h e r e  are a l o t  of unanswered q u e s t i o n s .  I n  p a r t i c u l a r ,  

how do you measure t ime? It i n t r i g u e s  me t h a t  we never  measure t i m e ;  we 

measure t ime  d i f f e r e n c e s ,  i . e ,  t h e  t ime  d i f f e r e n c e  between two c l o c k s .  I e 

know of no  way t o  measure t h e  time o f n a  c l o c k .  I can measure t h e  time of 1 

a n  e v e n t  w i t h  r e f e r e n c e  t o  a p a r t i c u l a r  c l o c k .  Another i n t r i g u i n g  

q u e s t i o n  is, i f  time c a n n o t  b e  measured,  is it p h y s i c a l  o r  is i t  an 1 
a r t i f a c t ?  We c o n c e p t u a l i z e  some of t h e  laws o f  p h y s i c s  w i t h  time a s  t h e  

independent  v a r i a b l e .  We a t t e m p t  t o  approximate  o u r  c o n c e p t u a l i z e d  i d e a l  

t ime  by i n v e r t i n g  t h e s e  laws s o  t h a t  time is t h e  dependent  v a r i a b l e .  The 

f a c t  is t h a t  t i m e ,  a s  w e  now g e n e r a t e  i t ,  is dependent  upon d e f i n e d  

o r i g i n s ,  a d e f i n e d  r e s o n a n c e  i n  t h e  cesium atom, i n t e r r o g a t i n g  e l e c t r o n -  

ics, induced b i a s e s ,  and random p e r t u r b a t i o n s  from t h e  ideal .  Hence, a t  a 
2 

s i g n i f i c a n t  l e v e l ,  time -- a s  man g e n e r a t e s  i t  by t h e  b e s t  means a v a i l a b l e  

t o  him -- is an a r t i f a c t .  C o r o l l a r i e s  t o  t h i s  a r e  t h a t  e v e r y  c l o c k  

d i s a g r e e s  w i t h  e v e r y  o ther  c l o c k  e s s e n t i a l l y  a lways ,  and no c l o c k  keeps  1 
ideal or "true1'  t i m e  e x c e p t  as we may choose  t o  d e f i n e  i t .  Frequency o r  : 
t ime  i n t e r v a l ,  on t h e  o t h e r  hand,  is fundamental  t o  n a t u r e ;  hence ,  the 

d e f i n i t i o n  of t he  second can  approach the ideal .  Noise i n  n a t u r e  is a l s o  

fundamental .  C h a r a c t e r i z i n g  t h e  random v a r i a t i o n s  of a c l o c k  opens  t h e  

door  t o  optimum e s t i m a t i o n  of env i ronmenta l  i n f l u e n c e s  and t o  t h e  d e s i g n  

o f  optimum combining a l g o r i t h m s .  1 



L e t ' s  d e f i n e  some te rmsc1  I :  Beglnning w i t h  a s i n e  wave v o l t a g e  w i t h  

f requency  v ( t )  a s  t h e  v a r i a b l e  f r equency  o u t p u t  o f  a p r e c i s i o n  o s c i l l a t o r ,  

we may w r i t e  V ( t )  = Vo s i n ( 2 n  ;( t) a t ) ,  where we assume t h a t  a m p l i t u d e  

f l u c t u a t i o n s  a r e  n e g l i g i b l e  around V ,  and where ;( t )  is t h e  a v e r a g e  

f requency  from 0 t o  t. We can redef ine  t h i s  e q u a t i o n  w i t h  v, b e i n g  a  

c o n s t a n t  nominal  f r equency  and place all of the  d e v i a t i o n s  i n  t h e  p h a s e ,  ' 

V ( t )  = VO s i n  ( 2 n v o - t  + ~ $ ( t ) ) .  We t h e n  d e f i n e  a q u a n t i t y  - 
~ ( t )  ("at) - vo)/vo. which is d i m e n s i o n l e s s  and which is t h e  f r a c t i o n a l  

f r equency  d e v i a t i o n  o f  u ( t )  from t h e  nominal  v a l u e .  We can i n t e g r a t e  - 
y ( t )  t o  g e t  t h e  t ime  d e v i a t i o n ,  x ( t ) ,  which h a s  t h e  d imensions  of t ime.  

From t h e  above we can w r i t e  t h e  t ime  d e v i a t i o n  o f  a c l o c k  as  a f u n c t i o n  of 

t h e  phase  d e v i a t i o n :  x ( t )  t$(t) /2avo.  I 
Why do we have t ime  d e v i a t i o n s ?  We c o n c e p t u a l i z e  two c a t e g o r i e s :  

s y s t e m a t i c s ,  such  a s  f requency  d r i f t  (Dl, f requency  o f f s e t  ( y o )  and t ime  

o f f s e t  ( x o ) ;  and t h e n  random d e v i a t i o n s  ~ ( t ) ,  which a r e  n o t  c o n s i d e r e d  t o  

be d e t e r m i n i s t i c :  

Note,  t h e  q u a d r a t i c  i n  t h e  D term i n  because  x (  t )  is t h e  i n t e g r a l  of v( t), 
t h e  f r a c t i o n a l  f r equency .  I n  F i g u r e  1 we have s i m u l a t e d  two s y s t e m a t i c  

c a s e s :  one a c l o c k  w i t h  f r e q u e n c y  o f f s e t ,  and a n o t h e r  case w i t h  a 

n e g a t i v e  f requency  d r i f t .  s y s t e m a t i c s  caused by env i ronmenta l  i n f l u e n c e s  

a r e  a l s o  v e r y  impor tan t .  F i g u r e s  2 th rough  6 summarize some of t h e  

i m p o r t a n t  s y s t e m a t i c  i n f l u e n c e s  on p r e c i s i o n  o s c i l l a t o r s .  An i m p o r t a n t  

set  o f  s y s t e m a t i c  d e v i a t i o n s  a r e  modula t ion s i d e  bands ,  e,g. 60 Hz, 

120 Hz, daily and annua l  dependences ,  those induced by v i b r a t i o n s ,  e t c .  

The random d e v i a t i o n s  o f  p r e c i s i o n  o s c i l l a t o r s  can  t y p i c a l l y  be ca tego-  

r i z e d  by power l a w  s p e c t r a .  S y ( f )  - f a  where f is t h e  F o u r i e r  f r equency  

and a t a k e s  on i n t e g e r  v a l u e s ,  i . e .  -2, - 1 ,  0 ,  1 ,  2 C 1 p 2 , 3 * 4 1 .  F i g u r e  7 

shows noise  samples  c o r r e s p o n d i n g  t o  t h e s e  d i f f e r e n t  power law s p e c t r a  and 

Tab le  1 shows t h e  nominal r a n g e  o f  a p p l i c a b i l i t y  o f  t h e s e  power law 

models. Given a  t i m e  d e v i a t i o n  p l o t  x ( t )  f o r  t h e  t i m e  d i f f e r e n c e  between 

a  p a i r  of c l o c k s  or a c l o c k  a g a i n s t  some pr imary r e f e r e n c e ,  and some 



sample  time T (see F i g u r e  8 f o r  example ) ,  t h e  a v e r a g e  f r a c t i o n a l  f r e q u e n c y  A 
fo r  e a c h  i n t e r v a l  is t h e  time d i f f e r e n c e  a t  t h e  end  o f  t h e  i n t e r v a l  minus  

I 
t h a t  a t  t h e  b e g i n n i n g  of t h e  i n t e r v a l  d i v i d e d  by r. We c a n  t h u s  c o n s t r u c t  

5 
I a se t  o f  d i s c r e t e  f r e q u e n c y  v a l u e s  o v e r  s u c h  a d a t a  s e t  f rom t h i s  time 1 

d e v i a t i o n  p l o t .  We c a n  c a l c u l a t e  a c l a s s i c a l  s t a n d a r d  d e v i a t i o n  for t h e s e  1 
v a l u e s ,  b u t  one  can show t h a t  f o r  some k i n d s  o f  power law s p e c t r a  

e n c o u n t e r e d  i n  p r e c i s i o n  o s c i l l a t o r s  t h a t  t h e  s t a n d a r d  d e v i a t i o n  is 

d i v e r g e n t I 5 ' ,  i .e . ,  i t  d o e s  n o t  conve rge  t o  a w e l l  d e f i n e d  v a l u e ,  and i t  

is a f u n c t i o n  o f  d a t a  l e n g t h L 2 ] .  Hence, t h e  s t a n d a r d  d e v i a t i o n  shou ld  n o t  

be u s e d  f o r  c h a r a c t e r i z i n g  c l o c k s .  An IEEE subcommit tee  has  recommended 
C11 S ( f )  i n  t h e  f r e q u e n c y  domain and a measure ,  o 2 ( ~ )  i n  t h e  time domain . 

Y Y 1 
The l a t t e r  has come t o  be c a l l e d  t h e  two-sample v a r i a n c e  o r  t h e  Allan 

v a r i a n c e .  The  conve rgence  of  o ( r )  has been v e r i f i e d 1 1 * 2 , 3 p 4 1  f o r  
Y 

t h e  power law s p e c t r a  o f  i n t e r e s t  i n  p r e c i s i o n  o s c i l l a t o r s .  It is d e f i n e d  
C11. as  f o l l o w s  . 

where Ay is the  d i f f e r e n c e  be tween a d j a c e n t  f r a c t i o n a l  f r e q u e n c y  

measurements  e a c h  sampled o v e r  a n  i n t e r v a l  T and  t h e  b r a c k e t s  <> 
i n d i c a t e  t h e  i n f i n i t e  t i m e  a v e r a g e  o r  e x p e c t a t i o n  v a l u e .  

A p i c t o r i a l  d e s c r i p t i o n  is shown i n  F i g u r e  9 f o r  a f i n i t e  data set. A "1 

d a t a  s e t  o f  t h e  o r d e r  o f  100 p o i n t s  is q u i t e  a d e q u a t e  f o r  c o n v e r g e n c e  of 
. .i 

o y ( ' ) ,  t hough  o f  c o u r s e  t h e  c o n f i d e n c e  o f  t h e  estimate w i l l  t y p i c a l l y  

improve as  t h e  data l e n g t h  i n c r e a s e s  C61. Given a d i s c r e t e  s e t  o f  s tored 

d a t a ,  t h e  v a l u e  o f  T c a n  b e  v a r i e d  i n  t h e  s o f t w a r e  171. If ro is t h e  d a t a  

spacing f o r  t h e  s t o r e d  da ta  set, yi, from t h e  measurement system, one can 

change  t o  r = n r o  by a v e r a g i n g  n  a d j a c e n t  v a l u e s  of y i t o  o b t a i n  a new 

f r a c t i o n a l  f r e q u e n c y  estimate w i t h  sample  time T as i n p u t  t o  E q u a t i o n  ( 2 ) .  -2 
1 

Hence, i n  a v e r y  c o n v e n i e n t  way one  c a n  c a l c u l a t e  o ( T I  a s  a f u n c t i o n  of 
Y 

r ,  which w i l l  b e  shown t o  be v e r y  u s e f u l  i n  a moment. F o r  a f i n i t e  d a t a  1 
s e t ,  E q u a t i o n  ( 2 )  t h e n  becomes 



where t h e  y; are a v e r a g e  f r a c t i o n a l  f r e q u e n c i e s  a v e r a g e d  over T = nT0, 

s t a r t i n g  a t  k, and t h e  xks a r e  t h e  d i s c r e t e  time d e v i a t i o n  measurements ,  I 

E q u a t i o n  ( 3 )  is o b t a i n e d  f rom a f i r s t  d i f f e r e n c e  on f r e q u e n c y ,  and 
I 

e q u a t i o n  ( 4 ) ,  from t h e  s e c o n d  d i f f e r e n c e  on t h e  t i m e ;  t h e y  a re  mathemat i -  

c a l l y  i d e n t i c a l ,  which g i v e s  u s  t h e  o p t i o n  of u s i n g  f r e q u e n c y  o r  time 

data .  1 

For power law s p e c t r a ,  p is c o n s t a n t  f o r  a p a r t i c u l a r  v a l u e  o f  a ,  where 

0 ( T  - . T h e  r e l a t i o n s h i p  of t h e  s p e c t r a l  d e n s i t y ,  S ( f )  - f a ,  Y Y 
exponen t  a v e r s u s  p is p = -a-1 (-2< a 51) and p = -2 ( a d ) .  

For example ,  o (T) is p r o p o r t i o n a l  t o  r 
Y -'I2 (which is t y p i c a l )  for cesium, 

r u b i d i u m  and p a s s i v e  hydrogen ;  t h e n  v h a s  t h e  v a l u e  of -1, and h e n c e  a h a s  

t h e  v a l u e  of 0 (wh i t e  n o i s e  f r e q u e n c y  m o d u l a t i o n ) .  T h i s  is t h e  c l a s s i c a l  

n o i s e  e x h i b i t e d  by most  a t o m i c  clocks for  r f s  beyond a few s e c o n d s  and i n  

t h i s  case o ( T  ) is e q u a l  t o  t h e  c l a s s i c a l  s t a n d a r d  d e v i a t i o n .  F o r t u -  
Y O  

n a t e l y  f o r  most  c a s e s  where T r 1 second  t h e  r e l a t i o n s h i p  u = -a-1 is 

a p p l i c a b l e .  

We have  a n  a m b i g u i t y  a t  IJ = -2;  we cannot t e l l  whe the r  we have  f l i c k e r  

noise  p h a s e  m o d u l a t i o n  (PM) or  w h i t e  n o i s e  PM. We c a n  a v o i d  t h i s  problem 

by r e a l i z i n g  t h a t  i n  t h i s  r e g i o n  o ( T )  d e p e n d s  on  t h e  measurement Y 
b a n d ~ i d t h ~ * ? ~ ] .  One c a n  c o n s t r u c t  a v a r i a b l e  s o f t w a r e  bandwid th ,  f,, by - 
r e a l i z i n g  t h e  fo l lowing[8  P91.  I n  any  measurement s y s t e m  a h a r d w a r e  

bandwid th ,  f h ,  e x i t s  t h r o u g h  which w e  measure  t h e  p h a s e  or t h e  time 

d i f f e r e n c e  between a p a i r  of clocks;  d e f i n e  T~ = 1/2?7fh. I n  o t h e r  words  

T~ is the sample  time p e r i o d  t h r o u g h  which we sample  t h e  data.  If we 

a v e r a g e  n time o r  p h a s e  r e a d i n g s ,  we i n c r e a s e  the time p e r i o d  t o  nTh a T ~ .  

But  T, = 1/2af,, where f, = f h / n ,  i.e., we na r row t h e  e f f e c t i v e  bandwid th ,  



fs, i n  the s o f t w a r e  by n. I n  o t h e r  words  f s  = f h / n  ge t s  smaller a s  we 

a v e r a g e  more v a l u e s ;  i .e .  i n c r e a s e  n  ( T  = nTo). We c a n  t h e r e f o r e  

c o n s t r u c t  a s e c o n d  d i f f e r e n c e  composed o f  time d e v i a t i o n s  s o  averaged, and 

t h e n  d e f i n e  a mod i f i ed  o * (  T) t h a t  w i l l  remove t h e  a m b i g u i t y  t h r o u g h  Y -1 
bandwidth  v a r i a t i o n :  

1 r. 
Y (N-3n+l) j-1 i = j  (* i+2n i +n ? 

where N = M + l ,  t h e  number of time d e v i a t i o n  measurements  a v a i l a b l e  from 

t h e  da ta  s e t .  And now i f  Mod.0 2 ( ~ )  - T ~ ,  t h e n  p O =  -a-1 (15 a 13)19*101* 
Y 

I 
We t y p i c a l l y  employ Mod. a,, ( r )  a s  a s u b r o u t i n e  t o  remove t h e  a m b i g u i t y  i f  

o y ( r )  - T-I b e c a u s e  t h e  )1# dependence  o n l y  a p p r o x i m a t e s  t h a t  g i v e n  by 

e q u a t i o n s  (3 and  4 )  f o r  a (1. But  for  a = 2 and 1, l.~ /2 exact ly  e q u a l s  

-3/2 and -1 r e s p e c t i v e l y ,  p r o v i d i n g  a clean d i f f e r e n t i a t i o n  be tween w h i t e  

noise PM a n d  f l i c k e r  n o i s e  PM. 

T a b l e  2 i l l u s t r a t e s  why one  s h o u l d  n o t  use  t h e  c l a s s i c a l  s t a n d a r d  

d e v i a t i o n  t o  c h a r a c t e r i z e  c l o c k s .  For the  d i f f e r e n t  k i n d s  o f  n o i s e  

p r o c e s s e s  we list the c l a s s i c a l  s t a n d a r d  d e v i a t i o n  of t h e  time d e v i a t i o n s  

and  t h e  c l a s s i c a l  s t a n d a r d  d e v i a t i o n  o f  t h e  f r a c t i o n a l  f r e q u e n c y  

d e v i a t i o n s  as a f u n c t i o n  of o ( r )  ( t h e  s q u a r e  root  o f  t h e  A l l a n  v a r i a n c e ) .  Y 
The d i v e r g e n t  n a t u r e  o f  e i t h e r  c lassical  s t a n d a r d  d e v i a t i o n  is apparent, 

and  even  f o r  classical w h i t e  n o i s e  FM t h e  standard d e v i a t i o n  is a p p a r e n t ,  

and e v e n  for c lass ica l  whi te  n o i s e  FM t h e  s t a n d a r d  d e v i a t i o n  o f  t h e  time 

d i v e r g e s  as  t h e  s q u a r e  r o o t  of t h e  d a t a  l e n g t h  i.e. t h e  number of samples 

N[*] 

Using a y ( ~ )  o r  M0d.o ( T I  we can c h a r a c t e r i z e  t y p i c a l  power law p r o c e s s e s .  Y 
We t h e n  have  t h e  o p p o r t u n i t y  o f  d e t e r m i n i n g  optimum estimates of 

v a l u e s  by employing  t h e  s t a t i s t i c a l  theorem t h a t  the  optimum estimate o f  a 

white n o i s e  p r o c e s s  is j u s t  t h e  s i m p l e  mean. 



For  example ,  c o n s i d e r  t h e  v e r y  common and v e r y  i m p o r t a n t  c a s e  of w h i t e  

n o i s e  FM t y p i c a l l y  found on t h e  s i g n a l s  from c e s i u m  s t a n d a r d s ,  r u b i d i u m  

s t a n d a r d s  and p a s s i v e  hydrogen  mase r s .  The optimum estimate of the 

f r e q u e n c y  is t h e  s i m p l e  mean f r e q u e n c y ,  which is e q u i v a l e n t  t o  

( x N  -xl)/M-r0. I t  is s t i l l  a l l  t o o  common w i t h i n  o u r  d i s c i p l i n e  t o  see o u r  

c o l l e a g u e s  e r r o n e o u s l y  d e t e r m i n i n g  t h e  f r e q u e n c y  f o r  t h e s e  k i n d s  of I 

o s c i l l a t o r s  by c a l c u l a t i n g  t h e  s l o p e  f rom a l i n e a r  leasts s q u a r e s  f i t  t o  

t h e  time d e v i a t i o n s  and  q u o t i n g  t h e  s t a n d a r d  d e v i a t i o n  a round  t h a t  f i t  a s  

a measure  o f  t h e  c l o c k  pe r fo rmance .  T h e r e  a r e  three problems i n  
- p r o c e e d i n g  t h i s  way. F i r s t ,  t h e  f r e q u e n c y  estimate is n o t  optimum i n  a 

mean s q u a r e  e r r o r  s e n s e  and is e q u i v a l e n t  t o  th rowing  away a b o u t  20% o f  
-.. 

t h e  d a t a ,  i n c r e a s i n g  t h e  c o s t  i n  t h e  case o f  a c a l i b r a t i o n .  Second,  

t h e  s t a n d a r d  d e v i a t i o n  d i v e r g e s  a s  t h e  s q u a r e  r o o t  of t h e  d a t a  l e n g t h  and 

t h i r d ,  the  s t a n d a r d  is s i g n i f i c a n t l y  dependen t  on the  f i l t e r  ( l i n e a r  

l e a s t s  s q u a r e s )  a s  well a s  t h e  c l o c k  d e v i a t i o n s .  On t h e  o t h e r  hand s u c h  a 

f i l t e r  c a n  b e  u s e f u l  f o r  a s s e s s i n g  o u t l i e r s .  The optimum "end p o i n t "  

method o u t l i n e d  above h a s  t h e  r i s k  t h a t  i f  e i t h e r  o f  t h e  p o i n t s  is 

abnorma l ,  i . e .  t h e  model f a i l s ,  t h e  r e s u l t  w i l l ,  of c o u r s e ,  b e  a d v e r s e l y  

e f f e c t e d ,  so s u c h  a  f i l t e r  is u s e f u l  t o  assess whethe r  t h e r e  are, o u t l i e r s  

-- p a y i n g  e s p e c i a l  a t t e n t i o n  t o  t h e  end  p o i n t s .  

T h e r e  are o t h e r  u s e f u l ,  and maybe n o t  so o b v i o u s ,  optimum e s t i m a t o r s  a t  

t h e  c o n c l u s i o n  o f  a d a t a  s e t :  (1) Given w h i t e  n o i s e  PM, t h e  b e s t  time 

e r r o r  e s t i m a t e  is t h e  s i m p l e  mean of t h e  time d e v i a t i o n s ,  t h e  f r e q u e n c y  

estimate, t h e n ,  is t h e  s lope  f rom a l i n e a r  l e a s t  s q u a r e s  f i t  t o  t h e  time 

d e v i a t i o n s ,  and t h e  f r e q u e n c y  d r i f t ,  D,  is d e t e r m i n e d  f rom a q u a d r a t i c  

least  s q u a r e s  f i t  t o  t h e  time d e v i a t i o n s  p e r  e q u a t i o n  (1). ( 2 )  Given 

w h i t e  n o i s e  FM, t h e  optimum estimate of the  time is t h e  l a s t  value, t h e  

optimum f r e q u e n c y  e s t i m a t e  is o u t l i n e d  i n  t h e  p r e v i o u s  p a r a g r a p h  and t h e  

optimum f r e q u e n c y  d r i f t  e s t i m a t e  is f rom a  l i n e a r  least  s q u a r e s  f i t  t o  t h e  

f r e q u e n c y .  ( 3 )  Given random walk FM, t h e  optimum time estimate is t h e  

l a s t  v a l u e ,  and  optimum f r e q u e n c y  e s t i m a t e  is o b t a i n e d  f rom t h e  l a s t  s l o p e  

o f  t h e  time d e v i a t i o n s ,  and t h e  optimum f r e q u e n c y  e s t i m a t e  is from t h e  
4 

l a s t  s l o p e  f rom t h e  t i m e  d e v i a t i o n s ,  and t h e  optimum f r e q u e n c y  d r i f t  

e s t i m a t e  is c a l c u l a t e d  from t h e  mean s e c o n d  d i f f e r e n c e  of t h e  time 

d e v i a t i o n s .  C a u t i o n  n e e d s  t o  be e x e r c i s e d  h e r e  for  t y p i c a l l y  there will 



be higher frequency component noise in a rea l  da ta  stream, such a s  white 

noise FM, along with the  random walk, and these can s ign i f i can t ly  

contaminate the d r i f t  est imate from a mean second difference.  If random 

w a l k  FM is t h e  predominant long-term, power-law process, which is of ten  

the case, then the noise can be handled by calcula t ing the second 

di f ference from the f i r s t ,  middle and end time deviat ion points  of the 

data. The f l i c k e r  noise cases a r e  s ign i f i can t ly  more complicated, though 

f i l t e r s  can be designed t o  approximate optimum estimation C11p12 ,133 .  In 

the l i m i t  a s  the data length increases without l i m i t ,  the time is not 

defined f o r  f l i c k e r  noise PM, an the frequency is not defined fo r  f l i c k e r  

noise FM. This has some philosophical  implications fo r  the de f i n i t i ons  of 

time and frequency unless some low frequency cutoff limits ex i s t .  If 

s i gn i f i c an t  frequency d r i f t  e x i s t s  i n  the da ta ,  i t  should be optimally 

subtracted from the data or it w i l l  b i a s  the long term values of o ( r ) :  :: 
- Y 4 

Once the power law spect ra  a r e  deduced fo r  a pa i r  of o s c i l l a t o r s ,  then one 

can a l s o  develop an optimum predic tor .  Table 3 gives both the optimum 

predic t ion values fo r  the. various relevant  pure power law spect ra ,  a s  well 

a s ,  t h e i r  assymtotic forms. Special  forecast ing techniques must be used 

fo r  optimal predic t ion when combinations of these processes a r e  present. 

To i l l u s t r a t e  how these concepts r e l a t e  t o  r e a l  devices, Figure 10 shows 

a o ( T )  diagram fo r  some in te res t ing  state-of-the-art  o s c i l l a t o r s ,  and Y 
Figure 11 shows the rms time predic t ion e r ro r s  f o r  the same s e t  of 

o sc i l l a t o r s .  

In conclusion it is c l ea r  t ha t  c l a s s i c a l  s t a t i s t i c s  does not allow 

character iza t ion of common kinds of random s igna l  va r ia t ions  found in 

precision o sc i l l a t o r s .  The two-sample or Allan variance provides an 

e f f i c i e n t  and convergent measure of the  power law spect ra l  densi ty  models 

useful  i n  character iz ing most of these o sc i l l a t o r s .  Once characterized we 

can ca lcu la te  opt lmum time and frequency est imates a s  well as predicted 

values. Characterizing the random var ia t ions  a l so  p r o v i d e s  near op timurn 

estimation of systematic e f f e c t s ,  which of ten  cause the predominant time 

and frequency deviat ions.  For example, i f  we wanted t o  optimally 

determine the  temperature dependence w i t h  the temperature se t  a t  two 



d i f f e r e n t  v a l u e s .  we would s e t  a t  one t e m p e r a t u r e  and measure t h e  

f requency  a g a i n s t  a r e f e r e n c e  f o r  a time T,, c o r r e s p o n d i n g  t o  t h e  T f o r  

t h e  minimum o ( r )  value. We would t h e n  change t h e  t e m p e r a t u r e  t o  t h e  Y I 

o t h e r  v a l u e  and r e p e a t  t h e  measurement w i t h  t h e  same c r i t e r i a  and n o t e  t h e  

r e s u l t a n t  by between t h e  two o p t i m a l l y  determined f requency  v a l u e s .  If 

t h e s e  two s t e p s  a r e  r e p e a t e d  s e v e r a l  t i m e s ,  a n  a r b i t r a r i l y  good p r e c i s i o n  
1 

is ach ieved  and is approx imate ly  g i v e n  by o ( T  )/JP, where P is t h e  number 
Y m 

of by v a l u e s  o b t a i n e d  f rom s w i t c h i n g  back and f o r t h .  Knowing the  

c h a r a c t e r i s t i c s  o f  b o t h  the random and t h e  s y s t e m a t i c  d e v i a t i o n s  o f  I 
I 

p r e c i s i o n  o s c i l l a t o r s  c l e a r l y  is u s e f u l  t o  t h e  d e s i g n e r ,  t h e  p l a n n e r ,  t h e  

u s e r ,  a s  well as t h e  vendor.  
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