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ABSTRACT 

Frequency synthesizers are one of t h e  p r i n c i p a l  b u i l d i n g  blocks o f  precise 
t ;me and f requency  sys tems.  D i r e c t  d i g i t a l  s y n t h e s i z e r s  ( D D S )  have become 
i n c r e a s i n g l y  impor tan t  as t h e  need f o r  s r i a l l ,  low power, h i g h  r e s o l u t i o n ,  wide 
f requency  range, f a s t  s e t t l i n g ,  h i g h  s p e c t r a l  p u r i t y  s y n t h e s i z e r s  h a s  grown, 
T h i s  paper  r ev iews  t h e  v a r i o u s  t y p e s  o f  DDS's and t h e  p r i n c i p l e s  of t h e i r  
d e s i g n .  DDS a r c h i t e c t u r e s  f a l l  i n t o  6 major c a t e g o r i e s :  p u l s e  o u t p u t ,  s i n e  
o u t p u t ,  t r i a n g l e  o u t p u t ,  phase  i n t e r p o l a t  i o n ,  j i t t e r  injection, and 
f r a c t i o n a l  d i v i d e r  o r  p u l s e  s n a t c h i n g  DDS's. The d e t a i l s ,  d e s i g n  p r i n c i p l e s ,  
and perfarmance c h a r a c t e r i s t i c s  of  t h e s e  categories a re  reviewed and t h e  pros 
and cons  of one  c a t e g o r y  v e r s e s  a n o t h e r  are p r e s e n t e d .  Included is  a 
d i s c u s s i o n  o f  t h e  r e l a t i o n s h i p s  betweeen t h e  design paramete r s  o f  t h e  various 
t y p e s  of  DDS's and s y n t h e s i z e r  performance pa ramete r s  s u c h  as s p e c t r a l  p u r i t y ,  
phase  j i t t e r ,  f r equency  r a n g e ,  f r equency  r e s o l u t i o n ,  and s e t t l i n g  t ine .  O f  
pr ime importance  i n  t h e  d e s i g n  of t h e s e  DDS's are t h e  r e q u i r e m e n t s  on s p u r i o u s  
s ideband  and phase  j i t t e r  l e v e l s .  A theory f o r  p r e d i c t i n g  t h e s e  s p u r  and 
j i t t e r  l eve l s  and of r e l a t i n g  these l eve l s  t o  DDS d e s i g n  pa ramete r s  i s  
p r e s e n t e d .  It i.s shokm t h a t  DDS s p u r s  can be understood as  coming from 
harmonic d i s t o r t i o n  i n  t h e  DUS o u t p u t  which i s  a l i a s e d  doim t o  lower 
f r e q u e n c i e s  due t o  t h e  d i s c r e t e  s t e p p e d  n a t u r e  of DDS opera t ion .  The 
r e l a t i o n s h i p  of t h e  sizes and f requencies  of t h e s e  a l i a s i n g  s p u r s  t o  DDS 
p a l o m e t e r s  is d i s c u s s e d  showing that s p u r  c o n s i d e r a t i o n s  p l a c e  fundamental  
l i m i t a t i o n s  on t h e  p e r m i s s a b l e  f requency  range  of t h e  DDS. A q u a n t i t a t i v e  
t h e o r y  e x p l a i n i n g  how j i t t e r  i n j e c t i o n  reduces  s p u r  l e v e l s  i s  also presented.  

Frequency s y n t h e s i z e r s  a re  o n e  of  t h e  p r i n c i p a l  b u i l d i n g  b l o c k s  of p r e c i s e  
time and f requency  sys tems.  Direct d i g i t a l  s y n t h e s i z e r s  (DDS), which 
s y n t h e s i z e  waveforms u s i n g  d i g i t a l  t e c h n i q u e s ,  have becone i n c r e a s i n g l y  
impor tan t  s i n c e  the advent of l a rge  s c a l e  i n t e g r a t i o n .  Con~plex DDS's, because 
of  t h e i r  i n h e r e n t l y  d i g i t a l  d e s i g n ,  c a n  be c o n s t r u c t e d  w i t h  exceedi-ngly s m a l l  
s i z e ,  weight, and power consumpt ion u s i n g  d i g i t a l  m o n o l i t h i c  f a b r i c a t  i o n  
t e c h n i q u e s .  O t h e r  advan tages  o f  DDS ' s  a r e  t h e i r  h i g h  and e a s i l y  expandable  
f requency  r e s o l u t i o n ,  t h e i r  wlde f requency  range,  the i r  i n h e r e n t l y  f a s t  
s e t t l i n g  t ir ie ,  and f o r  some DDS a r c h i t e c t u r e s ,  t h e i r  h i g h  s p e c t r a l  p u r i t y .  
This p a p e r  r ev iews  t h e  v a r i o u s  t y p e s  o f  DDS a r c h i t e c t u r e s  i n  u s e  today  and t i e  
p r j n c i p l e s  of  t h e i r  d e s i g n .  The second s e c t i o n  rev iews  the c a t e g o r i e s  o f  DDS 
a r c h i t e c t u r e s  i n  u s e  today, The t h i r d  s e c t i o n  d i s c u s s e s  how t h e  v a r i o u s  DUS 
a r c h i t e c t u r e s  and design p a r a m e t e r s  re la te  t o  s y n t h e s i z e r  performance 
parameters, The f o u r t h  s e c t  ion  sum~ar i z e s  t h e  r e s u l t s  and c o n c l u s ~ o n s  o f  t h e  
previous sections.  



2. DIRECT DIGITAL S Y ~ I Z E B  ARCHITECTURES 

DDS designs i n  the  technical l i t e r a t u r e  f a l l  in to  6 major q t e g o r i e s :  pulse 
output DDS's, f rac t iona l  divider  o r  pulse snatching DDS's, s i ne  output DI)SOs, 
t r i ang le  output DDSOs, phase interpolat ion DDS's, and j i t t e r  in ject ion 
techniques f o r  reducing spur levels. A brief discussion of each catagory 
f 0 1 lows. 

PULSE OVlPlR DDS 

The pulse output DDS (Kodanev, 1981; Peters,  1982) is the simplest of the 5 
catagories of DDS's. A s  shown in  Figure 2.1, it merely cons i s t s  of an h' b i t  
accurmlator s e t  up t o  add the  .frequency word, K, t o  the accurmlator value once 
every clock period, T . That is, i f  the  r eg i s t e r  value is R, once every T 

C c ' 
the  accunulator performs t h e  operat ion: 

R + K --> R (2 - 1) 

N in modulo 2 ari thmetic,  Note t h a t  f o r  thas  addit ion process, t he  accuxwlator 
w i l l  overflow, on average, once every 2 /K clock periods, so the average 
frequency of overflows vill be: 

where f c ,  the  clock frequency, is I I T ~ ,  and where the  f rac t iona l  output 
frequency, F, is given by: I "a 

P = K / 2  N (2.3) 

The frequency output of t h i s  synthesizer is merely the carry output of t h e  
accunulator f o r  a pulse output o r  the  most s ign i f ican t  b i t  (MSB) of the  
accunulator f o r  an approximate square wave output-. A typ ica l  exanple of the 
output of a pulse output DDS is shown i n  Figure 2.2. 

A s  v i l l  be discussed l a t e r ,  t h i s  type of DDS bas the  simplest archi tecture  but 
the  highest level  of spurs and phase jitter. 

FBACTIONAL DIVIDER OR PULSE SWALLOWING DDS 

The f rac t iona l  divider  (Hassun, 1984; Mazarenko, 1982; Nissoneviteh; 1978; No 
Author, 1982; Schineller ,  1892; k h d e ,  1981) o r  pulse swallower (Kohler, 1983) 
is  a var ia t ion on the  pulse output DDS. A block diagram of t h e  f rac t iona l  
divider DDS is shown in  Figure 2.3. In  t h i s  type of DDS, the accumulator carry  
output is used to dr ive  t h e  n/n*l control  l i ne  of a divide by n/n+l counter so 
tha t  n+l divis ion occurs on a carry. The accumlator ,  i n  t h i s  case, is 
clocked by the output of the  divider,  

£ 0 ~  
so the carry sets the n+l divide 

f o r  the  next output of the divider  after the carry  occurs. The divider is 
clocked by the  fc input and the output of the  DDS is f o g  One can show tha t ,  



on average, the  o u t p u t  frequency is :  

where F is  a g a i n  g i v e n  by ( 2 . 3 ) .  ( ~ o t i c e  t h a t ,  i n  t h i s  case, F determines t h e  -! 
f r a c t i o n a l  p a r t  of  the  d i v i s i o n . )  A t y p i c a l  example of t h e  o u t p u t  of a 
f r a c t i o n a l  d i v i d e r  UDS is  shown i n  F i g u r e  2.4. 

As will be  d i s c u s s e d  l a t e r ,  this t y p e  of DDS h a s  s p u r s  and phase j i t t e r  .1 > 

s i m i l a r  t o  t h o s e  of t h e  p u l s e  o u t p u t  DDS.  

SINE OUTPUT DDS 

i 

The s ine  o u t p u t  DDS produces  a' smoother more s i n e - l i k e  signal by adding a s i n e  
look-up t a b l e  and n d i g i t a l  t o  analog c o n v e r t e r  (DAC) t o  t h e  p u l s e  t y p e  DDS 
( T j e r n e y ,  1971; Gorsk i -Pop ie l ,  1975; Rab iner ,  1975; G o l b r a i t h ,  1982; Hoppes,  
1982; Kaiser, 1985; Crowley, 1982). A block diagram o f  t h e  s i n e  o u t p u t  DDS i s  
shown i n  F i g u r e  2.5. The s i n e  look-up t a b l e  computes ~ i n ( 2 t ~ r )  t o  t h e  
r e s o l u t i o n  of t h e  s i n e  t a b l e  where r ,  t h e  f r a c t i o n a l  register value is: 

1 

The o u t p u t  of t h e  s i n e - t a b l e  i s  t h e n  s e n t  t o  a DAC which o u t p u t s  a v o l t a g e  
p r o p o r t i o n a l  t h e  sine-table v a l u e  t o  t h e  M-bit r e s o l u t i o n  of t h e  DAC. The 
r e s u l t  o f  t h i s  process i s  t o  produce a s t epped  sine wave o u t p u t  where t h e  n t h  
s t e p  i s  g i v e n  by:  

where Mod (x) t r u n c a t e s  x t o  N bits. Figure 2.6 shows a typical stepped M 
o u t p u t  of a sine o u t p u t  DDS. I 
A good d e a l  of t h e  c i r c u i t  complexity of the  s i n e  o u t p u t  DDS comes from 
t h e  sine table. Genera t ing  t h e  sine table t o  f u l l  r e s o l u t i o n  d i r e c t l y  from a 
read o n l y  metlory (RON) u s u a l l y  requires a p r o h i b ~ t i v e l y  large RON, s o  
t e c h n i q u e s  have been developed to reduce the ROM requ il-enlent s by conqut  ing t h e  

1 
sine v a l u e  from s e v e r a l  lower r e s o l u t i o n  tab l e a  (Sunder land ,  1984). The block 
diagram of a m o n o l i t h i c  Hughes A i r c r a f t  sine o u t p u t  DDS which uses t h i s  
t e c h n i q u e  i s  shown i n  Figure 2.7. The DDS i s  a 2 c h i p  s e t  c o n s i s t i n g  of a 
Hughes f a b r i c a t e d  DDS c h i p  and a conmercial DAC c h i p .  The DDS c h i p  is  

I 
fabricated using silicon on saphire  (SOS) technology and i s  capable of  runn ing  
a t  c lock f r e q u e n c i e s  of up t o  1 0  KHz, A p i c t u r e  of t h e  Hughes DDS c h i p  i s  
shown i n  Figure 2.8. 

I 
A s  w i l l  be d i s c u s s e d  later, t h e  s i n e  o u t p u t  DDS h a s  one of t h e  lowest levels 
phase j i t t e r ,  but h a s  the  h i g h e s t  l e v e l  of c i r c u i t  complexi ty .  



PEASE IlfTERPOLhTION DDS 

A phase interpolat ioa  DDS (&issun, 1984; Rod~eaasov, 1982; DesBrisay, 
1970; Crowley, 1982; Schineller, 1982; b h d e ,  1981; Gi l l e t t e ,  1969; Nossen, 
1980; Bjerede, 1976) i s  s h i l a r  t o  the  s ine  output DDS i n  t ha t  it produces 
lover spurs, but it does not require  a s ine  look-up table.  Tuo versions a r e  
shown i n  Figures 2.9 and 2.10. The phase interpolation DDS u t i l i z e s  the  f a c t  
t ha t ,  whenever an output t r ans i t i on  occurs in  a pulse output DDS or  a 

I f rac t iona l  divider ,  the  accuamslator r eg i s t e r  value R is proportional t o  the  
time o r  phase difference between the  output t rans i t ions  of the  DDS and tha t  of 
an ideal frequency generator. Thus i f  R is used t o  phase s h i f t  o r  delay the  
output of a pulse output o r  f rac t iona l  divider  DDS, lower phase j i t t e r  and 
spurs w i l l  resul t .  In  Figure 2.9, the  output is phase sh i f ted  using a phase 
lock loop (PU) consist ing of a l inear  phase detector ,  a d i f f e r e n t i a l  loop 
amplifier ,  and a DAC driven by the  DDS accumulator register (~assun,1984; 
G i l l e t t e ,  1969; Nossen, 1980; Rohde, 1981; Bjerede, 1976; Schineller ,  1982; 
Crowley, 1982). I n  Figure 2.10, e i t h e r  a d i g i t a l l y  controlled phase s h i f t e r  
( ~ e s ~ r i s a y ,  1970) o r  a d i g i t a l l y  control  led delay generator (~ocheaasov, 1982) 
uriven by the  DDS accurmlator r eg i s t e r  a r e  used to d i r ec t l y  phase s h i f t  or 
delay the  output. Figure 2.11 shows a typical output wave form from a d i g i t a l  
phase s h i f t e r  type of phase interpolat ion DDS. A s  w i l l  be discussed l a t e r ,  the 
phase j i t t e r  and spur level  reductions t ha t  a r e  achievable with phase 
in terpolat  ion DDS's are limited by t h e  l i nea r i t y ,  accuracy, and resolution of 
the  d i g i t a l  t o  phase o r  delay conversion process, 

For the  pulee output DDS, the  t r ans i t i on  ti~e, st, is l a t e  by T r /F and the  
phase e r ror ,  t ,  is given by -k (See Figure 2.2.). Thus a pu1.c gutput phase 
interpolat ion DDS is -re ea s i l y  implemented using a PLL o r  a d i g i t a l l y  
controlled phase s b i f t e r  because r m u s t  only be m l t i p l i e d  by constant to  
obtain the  required phase s h i f t ,  but must be divided by F t o  obtain the  
required change in t r ans i t i on  time. 

For a d i r e c t  output f rac t iona l  divider ,  the  nert output transition of the 
divide by n/n+l counter w i l l  be ear ly  by rTc and + rill be given by rl(n+F) 
(See Figure 2.4.). Thus a d i r e c t  output f rac t iona l  divider phase interpolat ion 
DDS is more ea s i l y  implemented using a d i g i t a l l y  controlled delay generator. 
For a f rac t iona l  divider phase interpolation DDS implemented with the  divide 
by n/n+l counter in a divider loop of a PLL, however, the  output phase e r ro r  
is proportional t o  r /n   a as sun, 1984) .  This  type of DDS therefore is ea s i l y  
implemented v i t h  a fixed gain f o r  the DAC i f  n is not changed, 

A s i m p l i f i e d  version of the  phase interpolat ion DDS with rmch oarrower 
frequency range is the  phase microstepper (Lavanceau, 1985; DesBrisay, 1970). 
T h i s  device uses a d i g i t a l l y  controlled phase s b i f t e r  operating off a single 
clock frequency to  produce small var ia t ions  i n  the  clock frequency v i t h  
extremely high resolution.  A typ ica l  phase microstepper produces 5 PlEz plus o r  
minus one per t  i n  10'' with a f rac t iona l  frequency ~ e s o l u t i o o  of lxl~^" 
(~avanceau, 1985). 



TRIANGLE OUTPUT DDS I 
A t r i a n g l e  output DDS i s  another va r i a t i on  of a s ine  output DDS which does not 
r e q u i r e  a s i n e  t a b l e  (DesBrisay,  1984).  Its b lock  d iagram i a  shown i n  F i g u r e  
2.12 a l o n g  with a t y p i c a l  o u t p u t .  I n  t h i s  t y p e  of  DDS, t h e  accunlula tor  
r e g i s t e r  v a l u e  R o f  a p u l s e  o u t p u t  DDS i s  used t o  d r i v e  a DAC d i r e c t l y  a f t e r  
p a s s i n g  th rough  a b i t  compl in~ent  logic c i r c u i t .  T h i s  produces  a s t epped  
t r i a n g l e  wave o u t p u t .  As will be d i s c u s s e d  l a t e r ,  t h i s  t r a i n g l e  wave o u t p u t  
h a s  lower s p u r s  t h a n  t h e  o u t p u t s  of a f r a c t i o n a l  d i v i d e r  o r  p u l s e  o u t p u t  DDS. 

J 

WHEATLEX RANDOM JITTERING TECHNIQUE j 
Wheatley h a s  p a t e n t e d  (Wheatley,  1983) a randon j i t t e r  i n j e c t i o n  t e c h n i q u e  
f o r  use on a p u l s e  o u t p u t  UDS which r e d u c e s  t h e  s i z e  of t h e  s p e c t r a l  s p u r s  i n  
t h e  o u t p u t .  A s  w i l l  be  d i s c u s s e d  l a t e r ,  t h i s  t e c h n i q u e  reduces  t h e  s p u r s  by 
d e s t r o y i n g  t h e  p e r i o d i c i t y  of t h e  phase  d e v i a t i o n  p a t t e r n s  of t h e  o u t p u t  
transit ions (Wheatley,  1981). The t e c h n i q u e  h a s  two enbodiments as shown i n  
Figures 2.13 and 2.14. I n  F i g u r e  2.13, f o r  two c l o c k  c y c l e s  a f t e r  an 

i 

accumula to r  overf low,  the f requency  word K i s  r e p l a c e d  s u c c e s s i v r l y  by the  
values K+X. and K-X. where X .  is a sequence o f  e q u a l l y  distributed random f 

1 
Z 

v a l u e s  from 0 t o  ~-lt-~~heatle~'has cla imed t h a t  t h i s  replacement  will d e s t r o y  
t h e  coherence  of t h e  d e v i a t i o n  p a t t e r n  s o  t h a t  t h e  s p e c t r a l  6PUrS w i l l  be 

1 
replaced by a  broadband noise spect rum (Wheatley, 19811, Later h e  h a s  claimed 

1 

only t h a t  t h e  s p u r s  w i l l  b e  reduced ( ~ h e a t l e y ,  1983). He has p u b l i s h e d  two 
v a l u e s  f o r  t h e  spec tra l  d e n s i t y  of  t h e  broadband n o i s e  spec t rum a t  f r e q u e n c i e s  

k small compared t o  f c :  TT ft/(3f:) ( ~ h e e t l e ~ ,  1981) and fo / f e  ( ~ h e a t l e y ,  
1983). 

In Figure 2 .14 ,  the  same result  as Figure 2.13 i s  o b t a i n e d  by summing, i n  a 
second adder (add and o u t p u t  r e g i s t e r ) ,  t h e  v a l u e  c o n t a i n e d  i n  t h e  accunlula tor  
o f  a c o n v e n t i o n a l  p u l s e  o u t p u t  DDS (add and accumulate  r e g i s t e r )  w i t h  t h e  
random number Xi (x. has t h e  same p r o p e r t i e s  as before) .  (The second r e g i s t e r  
pe r fo rms  t h e  o p e r i t i o n  R+X. modulo 2N.) The f requency  o u t p u t  is  t h e  carry 
o u t p u t  ( o v e r f l o w  # 2 )  o f  t h e  add and o u t p u t  r e g i s t e r .  I n  bo th  Figures 2.13 and 
2.14, t h e  d i v i d e  by two a f t e r  t h e  c a r r i e s  i a  t o  produce a s q u a r e  wave r a t h e r  
t h a n  a p u l s e  o u t p u t  and is  an u n e s s e n t i a l  p a r t  o f  t h e  devices .  F igure  2.15 
shows a sample spectrum o f  a p u l s e  o u t p u t  DDS w i t h  and w i t h o u t  t h e  m e a t l e y  
t echn ique .  



3 .  DDS DESIGN CONSIDERATIOlJS 

Impor tan t  s y n t h e s i z e r  performance p a r a m e t e r s  t h a t  the  DDS d e s i g n e r  nlust 
c o n s i d e r  a r e :  t h e  frequency r a n g e  (maximum f requency  and minimum f r e q u e n c y ) ,  
t h e  f requency  r e s o l u t i o n ,  t h e  phase jitter, the  s p e c t r a l  p u r i t y  ( s p u r i o u s  
sidebands, harmonics ,  and n o i s e ) ,  and t h e  s e t t l i n g  t ime.  What f o l l o w s  i n  this 
s e c t l u n  i s  a d i s c u s s i o n  of how each o f  t h e s e  s y n t h e s i z e r  performance 
pa ramete r s  a re  determined by the design parameters of t h e  v a r i o u s  t y p e s  o f  
DDS's d e s c r i b e d  i n  t h e  p r e v i o u s  s e c t i o n .  For  o u r  d i s c u s s i o n  of t h e  s p e c t r a l  
pur i ty ,  we w i l l  i snore  t h e  effects o f  logic d e v i c e  n o i s e  (See  Kroupa, 1982 and 
1 9 8 3 , )  and r e f e r e n c e  o s c i l l a t o r  phase  n o i s e  on t h e  s p e c t r a l  p u r i t y .  We w i l l  
t h u s  c o n s i d e r  t h e  s p e c t r a l  p u r i t y  as d e s c r i b e d  t o t a l l y  by t h e  s p u r s  and 
harmonics g e n e r a t e d  by  t h e  DDS. 

SPECTKAL PURI 'IT ( SPURS AND H A F ~ I O N I C S  ) 

The s p u r s  and harm0ni .c~ i n  t h e  DDS ouput  a r e  ex t remely  impor tan t  i n  
d e t e r m i n i n g  n o t  only t h e  spectral p u r i t y  of the DDS b u t  also i.n d e t e r m i n i n g  
t i le  s e t t l i n g  time, phase  j i t t e r ,  and frequency range  of t h e  DDS, Therefore we 
w i l l  discuss t h e  t h e o r y  of  t h e s e  s p u r s  and harmonics  f i r s t .  The s p u r s  
g e n e r a t e d  by a DDS can Le unders tood  as coming from harmonics  of t h e  DDS 
o u t p u t  a l i a s e d  down t o  lower f r e q u e n c i e s  by t h e  s t epped  o r  sampled na ture  of 
DDS o p e t a t i o n ,  The f o l l o w i n g  s e c t i o n s  d e s c r i b e  i n  d e t a i l  t h e  t h e o r y  behind 
t h i s  a l i a s i n g  p r o c e s s .  

SPUR GENERATION IN SINE, PULSE, AND TRIANGLE, OUTPUT DDS'S, To u n d e r s t a n d  how 
DDS s p u r s  a r e  g e n e r a t e d  by a l i a s i n g  i n  sine, p u l s e ,  and t r i a n g l e  o u t p u t  DDS's, 
we s h a l l  c o n s i d e r  the DUS model shown i n  F i g u r e  3 , l .  The  d e r i v a t  i a n  p r e s e n t e d  
i s  a g e n e r a l i z a t i o n  of a s imi la r  d i s c u s s i o n  p r e s e n t e d  i n  Cole ,  1982,  f o r  sine 
o u t p u t  DDS's. I n  t h i s  model, a n  accumulator f r a c t i o n a l  r e g i s t e r  v a l u e ,  r ,  i s  
incremented once e v e r y  clock p e r i o d ,  T , b y  a f r a c t i o n a l  f requency word, F ,  s o  . c  
that a f t e r  n  clock p e r i o d s  t h e  fractional r e g i s t e r  v a l u e  i s  g i v e n  by: 

Note w e  can a l s o  w r i t e :  
I 

r = f o  tn n 
(3.2) 

where f i s  the o u t p u t  f r equency  of t h e  DDS and where t,=nTc. I 
0 I 

The r e g i s t e r  v a l u e  is then converted to a v o l t a g e  v ( r )  by a r e g i s t e r  t o  
v o l t a g e  c o n v e r s i o n  p r o c e s s ,  so t h a t  a f t e r  n clock p e r i o d s ,  t h e  vol tage  o u t p u t  
of t h e  DDS is v ( m ) .  The finite l e n g t h  of t h e  accum!ator is  taken i n t o  
account by assuming v ( r )  i s  a p e r i o d i c  f u n c t i o n  of r with a pe r i od  of 1. (A% N 
bit a c c u r m l a t o r  r o l l s  over  h e n  i t s  r e g i s t e r  v a l u e  equals 2N, o r  when 
e q u a l s  1.) That is: 



F o r  the s i n e  ou tpu t  DDS, v ( r )  is the  quantized sine wave produced by t h e  sine 
t a b l e  and DAC. For  t h e  p u l s e  o u t p u t  DDS, v ( r )  i s  either a square wave o r  a 
pulse depending on the o u t p u t  used ,  and f o r  t h e  t r i a n g l e  o u t p u t  DDS, v ( r )  i s  

b t h e  s t e p p e d  t r i a n g l e  wave. 

Using t h i s  model, t h e  we can write the DDS o u t p u t  as :  

3 
J 

where h( t )  is t h e  u n i t  ho ld  f u n c t i o n :  h(t1.1 f o r  0 < t < Tc and h(tI.0 
o t h e r w i s e .  (3.4) can  be  r e w r i t t e n  as t h e  c o n v o l u t i o n  of  a sampled o u t p u t  w i t h  
the hold  f u n c t i o n :  

I 

where: 

and : 

( ~ n  writ ing (3.61, we have used t h e  f a c t  t h a t  t h e  d e l t a  functions i n  b ( t )  are 
zero u n l e s s  t=t  t o  rep lace  v ( fo t , )  w i t h  v ( f o t ) . )  n 

It i a  w e l l  known t h a t  a sampled f u n c t i o n  such as (3.6) with samples every T 
i will a l i a s  t h e  spect rum o f  t h e  original signal a t  f o u r i e r  f r equency  f t k  

f requencies  f-mf where rn is  an i n t e g e r  (Oppenbeim, 1975; Rabiner, 1975).  To 
C show t h i s ,  we u s e  t h e  fact t h a t  t h e  f o u r i e r  t r a n s f o r m  o f  t h e  p roduc t  of  two 

f u n c t i o n s  i s  t h e  c o n v o l u t i o n  of t h e  f o u r i e r  t ransforms of the two f u n c t i o n s  t o  
rewri te  ( 3 . 6 )  as: I 

s ( 3 . 8 )  
1 

I where ~ ( f )  is the fourier transform of b ( t ) ,  ~ ( f )  is  t h e  fourier transform of 
v ( f o t ) ,  and V (£1  is t h e  fourier t r a n s f o r n i  of v ( t ) .  S i n c e :  

S 
@ 

S - jnwT ~ ( £ 1  = e - c ( 3 . 9 )  
n=- a0 i 

9 
where  w=%, one  can show t h a t :  

(To 0btai.n (3.101, one  shows t h a t  t h e  sum i n  ( 3 . 9 )  is zero for wT PZm, and 
thatl f o r  wT =2m, t h e  sum o v e r  n  b l o t ~ s  up  as t h e  number of sampfes i n  t h e  

C 



sum.) Combining (3.8) and (3.101, w e  o b t a i n :  

demonstrat ing t h e  a l i a s i n g  of t h e  spectrum of V(fo t )  by t h e  sampling process. i 
To o b t a i n  Vh(f 1, t h e  fourier t ransform of v  (t), from V ( f  1, w e  no t e  t h a t  
(3.51 is t h e  convolut ion of v ( t )  and h ( t ) .  h ~ i n c e  t h e  f o a r i e r  t ransform of a 
convolut ion is  t h e  product of the f o u r i e r  t ransforms ,  we can w r i t e :  

where ~ ( £ 1 ,  t h e  fourier transform of h (  t ) ,  is  g iven  by: 1 

S ince  v ( r )  i s  a p e r i o d i c  func t ion ,  it has a f o u r i e r  harmonic 
expansion g iven  by ( S e l b y ,  1974): 

I 
I 4 

where t h e  f o u r i e r  c o e f f i c i e n t s  are g iven  by: 

V ( f ) ,  t h e  f o u r i e r  t ransform of v ( f o t ) ,  t hus  becomes: 

1 

Combining (3.16) w i t h  (3,12),  and (3.111, we o b t a i n  our  f i n a l  r e s u l t :  

I 

I n  Summary, (3.17) s t a t e s  t h a t  t h e  sample and hold process of s tepping  t h e  
o u t p u t  by ~ ( n f ~ ~ ~ ) :  

1. p u t s  t h e  b, the  harmonics of v ( r ) ,  a t  mfo, 

2. a l i a s e s  these  harmonics by m u l t i p l e s  of f c (m'f,) because of t h e  sampling 
involved i n  the  s tepping  p roces s ,  and 

3. m u l t i p l i e s  t h e  harmonics of v(r )  a f t e r  the frequencv a l i a s i n g b y  fcH(f) 














































